. It has been shown in Reference 10 that the finite element method could solve a wide range of laminar boundary layer flows, such as the Blasius flat plate flow, the retarded Howarth flow, flow over a wedge, plane stagnation flow, flow over a circular cylinder, flow in the wake of a flat plate, uniform suction flow over a flat plate, flow over a cone, and flow over a sphere, as accurately as any available numerical methods including the semi-analytical methods.
The numerical details on turbulence equations can be found in Reference 5.
Establishment
of the turbulence model constants is discussed in Appendix I. Use of the present turbulence model in finite difference computation of elliptic turbulent flows improved the computational results in comparison with those obtained by using the standard k-_ turbulence model as can be found in Appendix II.
II. MULTIPLE-TIME-SCALE TURBULENCE MODEL
The turbulent boundary layer flow equations are given as:
where u and v are the time averaged velocities in flow direction and in transverse direction, respectively, p is the pressure, v is the kinematic viscosity of the fluid, and v t is the turbulent eddy viscosity.
2-i. Turbulence Equations
The underlying idea [1] [2] [3] [4] and the nomenclature of the multiple-scale turbulence model is shown in Figure  1 , where k is the turbulent kinetic energy of eddies in the P production range, k t is the turbulent kinetic energy of eddies in the dissipation range, to be justified, then it is expected that the computational result of the dissipation rate (_t) obtained by using the multiple-time-scale turbulence model would be comparable to that obtained by using the single-time-scale turbulence model such as the algebraic stress turbulence model [5] [6] . The present computational results showed that the above requirement was very well satisfied. 
2-3. Wall Function Boundary Conditions
The wall function boundary conditions were derived from the standard wall function method [13] . These are given as: 
where aj stands for the nodal values of u, k, _p, or ct; N denotes the total number of degrees of freedom; and e = lxl0 -7 was used.
3-1. Fully Developed Channel Flow
The experimental data for the fully developed channel flow considered herein can be found in Laufer [14] . The Reynolds number based on the channel half width of 0.0635 m and the center line mean velocity of 7.07 m/sec is approximately 30,800.
The computational domain extending from y = 0.005 m near the wall, which corresponds to y+ = 10t _, to y = 0.0635 m at the center of the channel was discretized using 20 equally spaced quadratic elements.
The Dirichlet boundary conditions for u, kp and k t at the near wall region were obtained from experimental data and by using equation (15), whereas the boundary condition for the dissipation rate was obtained from the near wall mixing length theory [5] [6] .
The near wall boundary conditions used are: u = 5.084 m/sec; k = 0.213 m2/zec2; k = 0.172 m2/sec2; k t = 0.213 m2/ P sec 2, and Cp = _t = 10.64 m2/sec 3. An average of 9 iterations was required to satisfy the previously stated convergence criterion for each line-step. -_,,i,,,,l,,,,I,,, 
3-4. Wake-Boundary Layer Interaction Flow
The last example case considered herein is a weakly coupled wake-boundary layer interaction flow, the experimental data of which can be found in Tsiolakis, Krause, and Muller [18] . The wake was generated by placing a cylinder inside a fiat plate boundary layer flow. The free stream velocity of the boundary layer flow was 26.4 m/sec, the diameter of the cylinder was 0.01 m, and the cylinder was separated from the wall by a distance of twice the flat plate boundary layer thickness.
The transverse domain extending from y = 0.002 m in the near wall region up to y = 0.12 m in the free stream region was discretized using 45 unequally spaced quadratic elements; and the flow direction domain extending from x = 0.2 m (x/d = 20) to x = 0.86 m (x/d = 86) was discretized using 825 line steps. Approximately i0 iterations were required for each line-step.
The computational results of velocity, turbulent kinetic energy, and the Reynolds stress at the two down-stream locations are shown in Figures 5(a) and 5(c). The computational results of dissipation rate, kt/kp, and _t/Cp are shown in Figures 5(b) and 5(d). Again, all of the turbulence quantities as well as the dissipation rates obtained by using the two different turbulence models were almost identical; and the ratio of Et/c p showed sharp transition in the viscous super layer. It was found that the present computational results compared favorably with experimental data, in general. 
A-i-i. Free Stream Turbulence
The velocity gradient and the production of turbulent kinetic energy vanish in the free stream region of turbulent boundary layer flows, and the turbulence equations can be simplified as: 
From the mixing length assumption, it can be obtained that: 
APPENDIX II

CONTROL-VOLUME BASED FINITE DIFFERENCE COMPUTATION OF SEPARATED AND SWIRLING TURBULENT FLOWS
A control volume based finite difference computation of elliptic turbulent flows is presented in this Appendix.
In turbulent flow computations, numerical uncertainties such as grid size, grid spacing, wall function, and numerical diffusion may mask the performance of a turbulence model. The details on the control-volume based finite difference code (TEACH-T) used herein can be found in Reference 23. The example problems considered were a backward-facing flow [22] and a confined swirling jet flow [ 23] .
A-2-1. A Turbulent Backward-Facing Step Flow
For the backward-facing step flow case, the upstream boundary has been located at five step heights upstream of the expansion corner. Flat profiles for the flow direction velocity (U 0) of 18.5 m/sec, turbulent kinetic energy of 1.027 m2/sec 2, and the dissipation rate of 780 m2/sec3, have been used as the inlet boundary conditions. The turbulent kinetic energy and the dissipation rate have been obtained using and ¢ = c fk3/2/_, respectively, the relationships that k = 0.003 U02 p where (= 0.003H) is the length scale [24] . The inlet boundary condition for the ratios of have been assumed to be 0.25 and 1.0, respectively, based on the kt/k p and Et/_p computational result of the fully developed channel flow. The Reynolds number based on the inlet flow condition was 45,000. The computed streamline and the turbulent kinetic energy contours, for the expansion ratios of i: 2, are shown in Figures A. 1 and A.2, respectively.
The predicted reattachment length was 6.3H, where H is the step height, which is in much closer agreement with the experimentally observed value of 7(+_l)H compared with the 5.2H predicted by using the standard k-¢ turbulence model [24] . The computed mean velocity profiles at three cross-stream locations (x/H = 5.2, 10.7, and 16) are compared with experimental data in Figure A. 3. The velocity profile at x/H = 5.2 indicates that the recirculation zone is smaller than that of the experimental data [24] . The turbulent kinetic energy (k = kp + kt) and the shear stress profiles at three cross-stream locations are shown in Figures A.4 and A.5, respectively. These figures illustrate that the peaks and shapes of these two turbulence quantities have been successfully predicted by the present turbulence model. It can be found in Reference 24 that the standard k-_ turbulence model severely under-predicted the reattachment length and the magnitudes of these turbulence quantities.
It can be seen from these computational results that the multipletime-scale turbulence model can yield significantly improved predictions for separated turbulent flows than the standard k-E turbulence model.
The ratios of dissipation rate to energy transfer rate at the same cross-stream locations and at x/H = 27 are shown in Figure A .6. It can be seen that the ratio is smaller in the high turbulence region than in the low turbulence region. Thus, the turbulent eddy viscosity coefficient is smaller in the high turbulence region than in the low turbulence region, see equation (10). At far downstreams, i.e., x/H _>27, the flow approached fully developed channel flow state and the ratio (Et/E p) became almost uniform across the channel width.
The streamline and the turbulent kinetic energy contours obtained by using _kp _kt 1.0 and Ocp GEt 1.3, which are the most frequently used coefficients in most of the turbulence models [24] , are shown in Figures A.7 and A.8, respectively. These contour lines compare favorably with those in Figures A. 1 and A. 2, except that the reattachment length was slightly shorter than the previous case. The streamline and the turbulent kinetic energy contours obtained by using _kp akt 1.0 and asp = ast 1.3 are shown in Figures A-16 and A-17.
Only very insignificant changes were detected in mean features of the flow such as the streamline contour and mean velocity profiles. Slight difference was found in the turbulent kinetic energy contours. The cornputational results obtained by using akp = akt = 1.0 and _sp ast 1.3 were found to be more diffusive than those obtained by using the other set of coefficients, however, the differences were insignificant in general. 
